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I. SUMMARY OF RESEARCH ACCOMPLISHMENTS

This report summarizes the research activites carried out at the Insti-
tute for Physical Science and Technology, University of Maryland, under the
auspices of the Office of Naval Research Grant N0OOO14-82-K-0208 from March 1,
1982 to March 31, 1984. We are pleased to report that significant progress
has continued in the study of the acceleration of ‘electrons and ions by wave-
particle interactions, Several theoretical and numerical investigations of
these acceleration processes with applications to space physics and laboratory
plasmas have been conducted. Copies of the six completed papers are attached.
The ONR grant was acknowledged appropriately., Several other manuscripts are
presently in preparation. Also included for your information are eleven
abstracts of talks presented at scientific meetings. Dr. Gaffey chaired two
sessions at the Spring 1984 Meeting of the American Geophysical Union.

l. Overview

The research program is devoted to analyzing the processes respon-
sible for the acceleration of ions and electrons in plasmas, to studying
instabilities resulting from energetic ion beams streaming across a magnetic
field, or other non-equilibrium features, such as temperature anisotropy or a
loss-cone distribution function, and to calculating the spontaneous emission
of radiation at the fundamental and harmonics of the cyclotron frequency.

The program is divided into six closely related projects, The
first and second parts deal with electromagnetic and electrostatic instabili-—
ties resulting from an energetic ion beam streaming across the magnetic field
and electron temperature anisotropy in the earth”s bow shock and in magnetic
mirrors. The third part treats the acceleration of electrons by plasma turbu-—
lence and an electric field parallel to the magnetic field. The fourth part

considers the electron-cyclotron maser instability in a high temperature



plasma with a loss—cone distribution function. In the fifth part, the spec-—
tral emissivity of spontaneous synchrotron radiation at the fundamental and
harmonics of the cyclotron frequency is calculated using the complete relativ-—
istic resonance condition. In the sixth part, the stochastic acceleration of
ions by a large amplitude ion cyclotron wave is discussed.

The problems discussed above are all interrelated. For example,
the kinetic cross-field streaming instability considered in sections 2 and 3
can generate the plasma turbulence which results in the electron acceleration
considered in section 4. Moreover, the acceleration of the electrons along
the magnetic field can result in a loss—cone distribution function, which can
be unstable to the electron cyclotron maser instability discussed in sec-
tion 5. The expression for the spontaneous cyclotron emissivity obtained in
section 6 has been used to calculate the radiation spectrum from energetic
trapped electrons with a loss-cone distribution function. Finally, the
electron current along the magnetic field discussed in section 4 can excite
the ion cyclotron waves which produce the stochastic ion acceleration consid-—
ered in section 7.

We now briefly describe the key results and major accomplishments
achieved thus far in our research program. A detailed report on each problem
is given in Chapter III.

2 Effect of Electron Thermal Anisotropy on the Kinetic Cross-Field

Streaming Instability

We have investigated both numerically and analytically the kinetic
cross—field streaming instability, which is excited by a relative electron-ion

cross—field drift and enhanced by an electron temperature anisotropy Tg, >

1

Teu' This investigation is motivated by the research on collisionless shock

waves and applied to the earth”s bow shocki*2 The unstable waves have been



shown to be obliquely propagating thstlers, and the instability is not sup-
pressed by electromagnetic effects when the drift velocity Vo exceeds the
Alfven velocity vy and the plasma parameter 8 is of order unity. The effect
of increasing VO/VA_ is to shift the direction of propagation more nearly
parallel to the magnetic field. The effect of increasing the electron temper-
ature ratio TeL/Teu is to increase the growth rate and to shift the direction
of propagation more nearly perpendicular to the magnetic field., The mode has
mixed electrostatic and electromagnetic polarization, However, for 8 ~ 1 and
for nearly perpendicular propagation, the mode is predominantly electrostaticy
whereas, for more oblique propagation, the electromagnetic and electrostatic

components are nearly equal. Finally, for small B, the mode becomes the well-

known modified two-stream instability3

In summary, we have studied the plasma instability resulting from a

cross-field drift and an electron temperature anisotropy, Tel/Teu > 1. We

find that both effects significantly affect the instability. 1In particular,
the present study has led to the following major conclusions:
(1) A relative electron—ion cross—field drift can cause insta-—

bility, even if Volvy > 1.

(2) An electron temperature anisotropy Tel/Ten > 1 significantly

enhances the peak growth rate.

(3 The unstable waves have both electrostatic and electromag-

netic components in general. For B - | and nearly parallel propagation, the

electrostatic and electromagnetic components are comparable and the polariza-

tion is mixed.

(4)  The instability is highly kinetic for high B -~ 1. From

numerical solutions of the dispersion equation, we find that



<1 and 0
v - kv, -

el i
over the entire range of angles of propagation. Moreover, electromagnetic
effects, high-order electron cyclotron harmonics, and ion terms all affect the
dispersion equation significantly and, therefore, it is difficult to treat the
dispersion equation accurately by analytic techniques.

34 Instabilities Excited by an Energetic Ion Beam and Electron Temper-

ature Anisotropy in Tandem Mirrors

Tandem Mirrors are magnetic confinement devices in which the ions
in the central (solenoidal) cell are prevented from leaking out the end by
means of an electrostatic potential maintained by a denser plasma in mirror-
end cells, The basic concept has been successfully verified in the Tandem
Mirror Experment (TMX)% In order to generate the barrier, the density in this
region is reduced by pumping out some of the ions. This is achieved by injec—-
ting neutral beams at oblique angles to create "sloshing ion distributions,"
which have a density minimum at the center of the barrier. Furthermore, a hot
electron population is also created in the barrier by means of ECRH to reduce
the power transfer between the plug and central-cell electrons. The thermal
barrier concept is presently being tested in the upgraded TMX-U experiment?

While the inclusion of such complexity into the end cell of the
Tandem Mirror may improve the overall confinement significantly, it is implic-
itly assumed that such configurations can be stably maintained. However, the
introduction of (neutral) ion beams and hot anisotropic electrons in the bar-
rier region suggests a variety of possible microinstabilities., Injection of
neutral beams to form the sloshing ion distribution allows the possibility of
various streaming instabilities?’7 The formation of hot anisotropic electrons
may also give rise to unstable modes, such as the whistlers_ll and the elec-

tron cyclotron maser instabilitiesl2™21
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In a recent paper, we have investigated such a combination of ions
drifting across a magnetic field in which the background electron temperature
was anisotropic in the environment of the earth”s bow shockg2 In that situa-
tion, the ion streaming results from ion reflection at supercritical shocks
and the electron anisotropy arises from adiabatic compression at the shock
surface? We have found that the well-known (low-beta) modified two-stream
instability23 is modified by finite-beta effects! and further enhanced by the

temperature anisotropyg2

Using the same basic model (local linear theory, homogeneous
plasma, unmagnetized ions, etc.), we extend the theory of cross—field iom
streaming instabilities to the parameter regime of the end cells of the
upgraded Tandem Mirror Experiment with neutral beam injection., The cross—
field ion drift as well as the electron thermal anisotropy Tel > Tay provides
the free—energy which drives various instabilities. Three instabilities, a
nearly perpendicular propagating modified two-stream instability, an obliquely
propagating ilon-ion streaming instability, and an obliquely propagating elec-
tromagnetic lower-hybrid instability, have been identified. The first two
waves are electrostatic and have the largest growth rate. For the actual
operation conditions of the Tandem Mirror Experiment, it is found that the
ion-ion streaming instability has the largest growth rate. When more ener-
getic neutral beams become available, the modified two-stream instability may

play the dominant role in the stability of these devices.

4, Acceleration of Electrons by Plasma Turbulence and a2 Quasistatic

Parallel Electric Field

Recently, some laboratory experiments have demonstrated that the

combined effect of a parallel electric field and plasma turbulence is effec-—

tive in producing energetic electrons?4 This phenomenon has been observed in



a tokamak, and we expect that the physical mechanism should be operative in
the auroral region also. It is based on this notion that we were motivated to
proceed with the present study.

The acceleration of electrons along the magnetic field by 1large
amplitude plasma turbulence and a quasistatic parallel electric field has been
investigated. The plasma amplifies perturbations excited by a cross—field
current due to a relative electron~ion drift. The fluctuating electric field
1s primarily electrostatic and propagates nearly perpendicularly to the mag-
netic field. The instability is assumed to saturate rapidly. The time evolu-
tion of the velocity and energy of an individual test electron is calculated
from the moment equations. A Green”s function is constructed for the quasi-
linear diffusion equation, with a power law spectral energy densityg5 The
time evolutlon of an initial Maxwellian distribution is given; and the average
electron velocity, energy, and velocity spread are obtained for various cases
by taking moments of the distribution function. We have found that the com-
bined effect of a parallel electric field and electrostatic plasma turbulence
is especlally effective in producing energetic electrons. In particular, the
present study has led to the following major conclusions:

(1) A larger electric field produces greater acceleration; how-
ever, acceleration by an electric field alone does mnot increase the velocity
spread of the electron distribution function.

(2) A larger spectral index, i.e., a narrower spectrum of waves,
produces greater turbulent acceleration. Turbulent acceleration increases
both the velocity spread and the average energy of the electron distribution
function.

(3) The turbulent acceleration mechanism is more effective at

higher altitudes, whereas the electric field acceleration is independent of

altitude.



(4) For some values of the parameters which are typical of the
auroral zones the turbulent acceleration and the electric field acceleration
are comparable,

(5) When both acceleration mechanisms are operable the accelera-
tion is greater than when only one acceleration mechanism is operable,

Although the results have been applied to the auroral regions, they
also have important implications for laboratory experiments as well, for
example, radio frequency current drive in tokamaks‘?‘4

5. Electron-Cyclotron Maser Instability in Hot Electron Mirror

Machines

It has now been firmly established that energetic electrons with a
loss-cone distribution function are unstable to the electron-cyclotron maser
instability. The basic physical mechanism of the instability is a resonant
wave-particle interaction via a Doppler-shifted cyclotron resonance pro-
cess}2—18 The relativistic resonance condition has been shown to represent an
ellipse in velocity-space, which is qualitatively different from the usual
nonrelativistic resonance condition, which represents a line in velocity-
space. If the portion of the distribution function covered by the resonant
ellipse has a positive derivative, then the electron—-cyclotron maser insta-
bility will develop. This is a sufficient condition for instability., The
free—energy which drives the instability is the velocity-space anisotropy of
the distribution function. The result of the instability is the transfer of
energy from the energetic electrons to the electromagnetic waves via a rela-
tivistic Doppler-shifted cyclotron resonance process.,

This instability has received considerable attention in the past
few years by the space physics community as a possible source mechanism of the

auroral kilometric r:adiation%z—18 More recently, it has been suggested that



this instability may also occur in some laboratory experiments, such as the
Tandem Mirror Machine and the EBT device. 1In a recent paper by Lau and Chu}9
a special case of the cyclotron maser instability associated with a loss—cone
distribution function is discussed for hot electron mirror experiments, Thelr
analysis is restricted to the case that the radiation propagates parallel to
the applied magnetic fileld B, (kl = 0) and, moreover, emphasis is placed on
the limit k" > 0. Actually, before Ref. 19 was published, the theory of such
an instability had been extensively developed by numerous authorslz_ls’zo’26
(mostly in the space physics community), although the research has been moti-
vated by the investigation of the auroral kilometric radiation.

In view of the fact that strong bursts of cyclotron radiation have
been observed in hot electron mirror machines?’27 it 1s important and inter-
esting to study the cyclotron maser instability for such experiments more
fully.

We have generalized the work of Lau and Chu to treat the case of a
plasma consisting of a background of low—energy electrons as well as a popula—-
tion of suprathermal electrons, and our analysis is carried out for arbitrary
direction of propagation. The major conclusions of our preliminary study are:

(@D) The cyclotron maser instability can occur at all angles of
propagation over a wide range of parameters,

(2) In general, the instability at large 6 (i.e., 6 ~ 90°%) is
more serious than that at 6 = 0°.

(3) The peak of the growth rate maximized over k increases with
the temperature T and, for large T, occurs at a finite k rather than k = 0

(4) The range of wunstable values of me/Qe broadens as T

increases,



(5) The instability can be supressed by the ﬁresence of a suffi-
clently large population of cold electroms if T is not too high.

In passing, we remark that, besides the maser instability, a
whistler instability may also occur in the mirror experiments as pointed out
by Gladd}l Experimentally, it should not be difficult to distinguish the
maser instability from the whistler instability, even if both should be opera-
tive, because the extraordinary mode can be unstable at all angles of propaga-
tion, whereas the whistler mode is most unstable for parallel or nearly paral-
lel propagatiom.

Finally, we hope that more observations will be carried out in the
near future so that a comparison between experimental results and theoretical
predictions may become possible.

6. Calculation of Spontaneous Cyclotron Emissivity Using the Complete

Relativistic Resonance Condition

General expression for the emissivity of cyclotron radiation from
high—temperature plasmas including collective effects have been derived and
discussed in two recent articles by Freund and wu?® and by Audenaerde?? (rele-~
vant bibliographies concerning earlier publications are cited in these arti-
cles). Although sufficient generality has been retained in these results,
practical evaluations of these expresions are, however, difficult. As a
result, emissivity has been discussed in two distinct regimes: (1) N cos 6 >>
v/c and (2) N cos 8 << V/c, where N is the index refraction of the radiation,
9 is the angle between the wavevector and the ambient magnetic field, v
denotes a characteristic velocity of the electrons, and c¢ is the speed of
light. 1In the first regime, the Doppler effect prevails over the relativistic
effect in the wave-particle resonance condition and vice versa for the second

regime, It is evident that when the refractive index is close to unity the



later regime only occurs in the very small range of 6 (i.e., 8 = 90°) for
weakly relativistic electron energies (< 10 keV). Obviously the aforemen-
tioned approximations become invalid in the intermediate regime where
N cos 8 = ¥/c. The range of 6 which defines the intermediate regime increases
with electron energy, and results in a serious limitation of the previous
calculations?28,29

Spurred by efforts to explain the auroral kilometric radiation?O
considerable progress has been made in treating the general resonance condi-
tion, and in obtaining general expressions for the growth rates of the escape
modes (ordinary and extraordinary) in the presence of a population of supra-
thermal electrons with a loss—cone distribution function%2-18’31’32 The suc-
cess of these efforts provides the motivation for the present work in which we

extend the previOusz8’29

work on the emissivity to treat arbitrary angles of
propagation with no approximation imposed on the resonance condition. In this
work we specifically consider the emissions of the escape modes due to ener-
getic electrons with a loss~cone distribution. The applications of the
results of our calculation to the study of both the auroral kilometric radia-
tion and to magnetic mirror machine experiments, however, will be presented in
separate articles.

In summary, the spontaneous cyclotron emissivity has been calcu-
lated using the complete relativistic resonance condition., Unlike prior cal-
culations of synchrotron radiationgs’29 the result is valid over the entire
angular range of propagation without regard to the bulk energy of the electron
population. We are specifically interested in the evaluation of the radiation
spectrum from an energetic population of trapped electrons having a loss—-cone

distribution in a low-density plasma. The particular feature of such a plasma

(i.e., Wy < Qe) is that a relatively high radiation intensity is found in the

10



X-mode at frequencies just above cutoff due to the fundamental gyroresonance
which, since this 1is an escape mode, can readily propagate out of the
plasma. While cyclotron damping due to the backgroun plasma can be expected
to be negligible for sufficiently low-bulk temperatures of background plasma,
amplification of the radiation can occur due to the anisotropic nature of the
suprathermal electron distribution. The detailed . nature of this instability

has been amply discussed in the 1literature dealing with auroral kilometric

rationl2-18

Finally, 1t should be observed that, while the overall level of
spontaneous s&nchrotron radiation is greatest for the X-mode above cutoff, the
detailed angular spectrum is more complex. In particular, the X-mode radia-
tion intensity at the higher gyroharmonics actually exceeds that near the

fundamental ( w > Qe y WD Weny ) for angles of propagation nearly perpendicu-—

lar to the ambient magnetic field.

7. Preferential Stochastic Acceleration of Heavy Ions by a Coherent

Electrostatic Hydrogen Cyclotron Wave

In a hydrogen dominated multi-ion plasma, the minority ion species
with large mass to charge ratios are preferentially accelerated by a coherent
electrostatic hydrogen cyclotron wave propagating nearly perpendicularly to
the magnetic field., The equations of motion have been studied analytically
and numerically using an appropriate Hamiltonian formalism. Surfaces of sec-
tions have been plotted numerically to visualize the solutions and to make
comparisons between the numerical results and the analytical predictions.
Stochasticity has been found to onset rather abruptly when the wave amplitude
exceeded a critical threshold. The stochastic region has an upper bound as
well as a lower bound on the ion kinetic energy. The maximum ion kinetic

energy 1s proportional to the ion mass to the 5/3 power. The agreement

11



between the theoretically predicted values and the numerically calculated

values is quite good in most cases, In general, the numerical Voin is
slightly less than the theoretical value, and the numerical Vnax IS slightly
larger than the theoretical value. The effect of increasing the wave

amplitude 1s to decrease Vpin @nd to increase v,

- max® Chus broadening the sto-

chastic region. A diffusion equation which describes the stochastic accelera-
tion of the lons has been derived and the resulting ion distribution function
has been determined. The importance of this process to the acceleration of 0%
ions in magnetosphere, as observed by satellites, has been discussed. We
expect similar behavior .during stochastic acceleration by other types of
waves., Hence, these results may have important implications for radio fre-
quency heating experiments in tokamaks and other devices,

133

In a recent paper, Singh et make a comparison between the sto-
chastic acceleration of ionospheric ions by electrostatic hydrogen cyclotron
waves observed in their numerical simulations and the predicted acceleration

of these ions based on the theory of stochastic acceleration by Papadopoulos

et al%4 The assertion made by Singh jei} 1%? that the heating of the helium

lons observed in their simulations is appreciably larger than the heating pre-
dicted by the theory of stochastic acceleration by Papadopoulos Eﬁhél}? is the
result of an algebraic error. In fact, upon correcting the error, we find
agreement beween the values of the minimum and maximum velocities of the sto-
chastic region calculated from the theory of Karney35 and Papadopoulos EEL_}}4
agree quite well with the numerical simulations of Singh 55_31}3 and Gaffey36

in most cases.
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Calculation of the spontaneous cyclotron emissivity using the complete =~
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An expression for the spectral emissivity of spontaneous synchrotron radiation for a plasma
which consists of both thermal and suprathermal electron components is derived using the
complete relativistic cyclotron resonance condition. The expression is valid over all angles of
propagation. The result is applied to the study of the emission of radiation from an energetic
population of electrons with a loss-cone distribution in a relatively low-density plasma i.e., the
electron plasma frequency is less than the cyclotron frequency).

PACS numbers: 52.25.Ps, 52.60. + h

I.INTRODUCTION

General expressions for the emissivity of cyclotron ra-.

diation from high-temperature plasmas including collective

effects are derived and discussed in two recent articles by"

Freund and Wu' and Audenaerde” (relevant bibliographies
concerning earlier publications are cited in these articles).
Although sufficient generality has been retained in these re-
sults, practical evaluations of these expressions are difficult.
As a result, the emissivity has been discussed in two distinct
regimes: (1).V cos 8%0/c and (2) V cos 8<5/¢c, where Nis the
index refraction of the radiation, 6 is the angle between the
wave vector and the ambient magnetic field, 7 denotes a
characteristic velocity of the electrons, and c is the speed of
light. In the first regime, the Doppler effect prevails over the
relativistic effect in the wave-particle resonance condition
and vice versa for the second regime. It is evident that when
the refractive index is close to unity the latter regime only
occurs in a very small range of 6 (i.e., =90 for weakly
relativistic electron energies { < 10keV). Obviously the afore-
mentioned approximations become invalid in the intermedi-
ate region where V cos §~7/c. The range of 6 which defines
the intermediate regime increases with electron energy and
results in serious drawback of the calculations presented in
Refs. 1 and 2.

Spurred by efforts to explain the auroral kilometric ra-
diation,” considerable progress has been made in treating the
general resonance condition and in obtaining general expres-
sions for the growth rates of the escape modes ordinary and

extraordinary) in the presence of a population of supra- -

thermal electrons with a loss-cone type of distribution func-
tion.*'* The success of these efforts provides the motivation
for the present work in which we extend the previous'* work
on the emissivity to treat arbitrary angles of propagation
with no approximation imposed on the resonance condition.

In this paper we specifically consider the emissions of the

escape modes due to energetic electrons with a loss-cone dis-
tribution. The applications of the results of our calculation

are to the study of both the auroral kilometric radiation and .

to magnetic mirror machine experiments. In the case of the
auroral kilometric radiation (AKR), the most commonly ac-
cepted theory involves the induced emission of extraordin-

ary mode radiation due to the presence of a suprathermal
- H ' l

1

electron component with a loss-cone distribution function.
Indeed, observations of energetic electron distributions in -
the auroral regions confirm the existence of such energetic
populations. '’ However, while growth rates for such an in-
stability have been calculated, the basic level of spontaneous
radiation which determines the initial condition has not been
discussed. The present work addresses the issue of the spon-
taneous emissivity at both the fundamental and higher har-
monics. The topic is highly relevant to the question of why
the observed second harmonic AKR is often more effective
than the theory predicts, since the growth rate is one order of
magnitude smaller than that for the fundamental AKR. We
will show later that for nearly perpendicular propagation the
spontaneous emissions of the X mode at the second harmon-
ic is much stronger than that at the fundamental. This find-
ing may explain the question mentioned earlier.

In addition to the theory of AKR, the discussion of the
spontaneous emission presented in this paper is also relevant
to the magnetic mirror machine experiments for controlled
fusion research. In particular, in the planned MFTF-B ex-
periment at the Lawrence Livermore National Laboratory it
is anticipated that the suprathermal electron energies will be
of the order of 100 keV. In each of these cases, the relativistic
effects on the electron cyclotron resonance condition is im-
portant and will be included in the present analysis in a self-
consistent manner. Finally, we note that the relativistic ef-
fects on the resonance condition have recently been shown to
be important to the application of electron cyclotron current
drive in tokamaks even for weakly relativistic electron ener-
gies. ™

The organization of the paper is as follows. The general
formulation of the emissivity is given in Sec. I1, along with a
discussion of the complete resonance condition. The emissi-
vity is evaluated numerically in Sec. I1I for the specific case
of a loss-cone distribution using the fully general resonance
condition. A summary and discussion are given in Sec. IV.

! ! g
Il. GENERAL CONSIDERATIONS

The physical configuration under consideration is that
of a uniformly magnetized plasma (B, = Byé,) which con-
sists of a thermal background as well as a population of
suprathermal electrons. Since the suprathermal electrons
are assumed to have a much lower density than the thermal

*'Permanent address: Science Applications, Inc., McLean, Virginia 22102. _|_ species, the dielectric properties of the plasma are deter-
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mined primarily by the thermal background, and the supra-
thermal electrons may be considered to act solely as a source |
of emission for the normal modes of the plasma. Within the
context of this model, the emissivity 7 (defined as the power |
radiated per unit volume per unit frequency and per unit
solid angle subtended by the wave vector k) can be expressed |
in the form
7. (w6)= 21’—“)—N4_ R f d>ufF,(u)
B 27 ¢ 2p

(Vo Jalbo)+ B dulb )]

m= - x

Xbélw —mf,/y — kv, (n -

where (w,k) are the frequency and wave vector of the radi- \
ation, k, =k-¢&,, § =cos™"' (k,/k), k, — Kk, n, denotes the !
suprathermal electron density, u= p/m = yvis the momen-
tum per unit mass, y=(1 + «*/c*)'? = (1 — v¥/c*)~"?*is the
relativistic factor, F, is the suprathermal electron distribu-
tion, £2,=(eB,/m,c] is the electron cyclotron frequency, v,
and v, are the components of the velocity in directions per-
pendicular and parailel to B,, 3, =v,,/c,and J,, and J |,
are the regular Bessel function of the first kind of order m
and its derivative, respectively. In addition,

[(1—a’l=N_ B cosf)—N2 sin* 4 ]

V. _ =2 N - T
- 12, N, sinf(sin* 8 F p) :
2) ¢

_ mN _ [ sind (3) f

= l=-y_5 cos 6) i
pi=sin* 8 + 40 /2 )1 = a*)F cos? 6, (4)

where °=0:/0", w, is the background electron plasma fre- |
quency, .V = ck /w is the refractive index, and the subscript
+ refers to the ordinary and extraordinary modes, respec- |
tively. The indices of refraction for these wave modes are
given by the Appleton~Hartree dispersion relation'*

VL === a2l - &) - Bsin’ 0 F p)),
(5)
where 8°=02/0’. \

The resonance condition described by the delta func-
tion in Eq. (1) may be expressed in the form !

ui/ay +(u, —4,)/b% =1, 6 -
where !
:1: mil, v c?s 7 . 7 I
¢ w 1 —N-cos* 8 ‘
a, ! mAEER A !
?:l—zV:COSZG( w* Y cost6 = 1)’ (&)
and |
b =a’ /(1 — N?cos? §). 9) |

In the regime applicable to the escape modes (V ? cos® 8 « 1 .
the reality of the solutions requires that i

m2/0*>1—Nicos? 4, (10)

and the resonance condition describes an ellipse in (u,,u,) !

space, centered at (0,4,, ), with extrema at (a,,,%,, ) and (0%, _L. nancecurves.

_ TELLTEVE,

" b,). Thisisillustrated schematically in Fig. 1(a). Observe —

thatin this case a;, and 5 2, are both positive. We restrict our
consideration to that section of the ellipse for which u, >0,
From the resonance condition we find that resonance occurs
foru, = u, , where :

e .. =
—;-:(N'COS'Q—I)—%
¢ o
N | N
+2m e'1‘v’cos¢9-u—'—i-m — 1. (11)
@ (o w~

However, the range of u; over which this is valid is not infi-
nite and must be restricted to within the u, extrema of the
ellipse. The resulting integral over uy, therefore, is defined
by the range u!”'<u, <u';’, where

u =i, +b,,. (12)

In the opposite regime, in which N ? cos®* > 1, Eq. (6)
may be rewritten in the form

(wy =@, )/b% —ui/lad] =1, (13)
where we observe that a7, <0 and 42, > 0. This case is sche-
matically illustrated in Fig. 1(b}in which it is evident that the
resonance curve is a hyperbola with u, intercepts at i,

+ b.,. Hence, resonance is possible only for Uy i, — b,
and u, >u,, +b,,.

The normal modes described by the Appleton-Hartree
dispersion equation are shown schematically in Fig. 2 for
0 < 8<7/2. The ordinary mode (i.e., ¥ = N2 ) exhibits a
cutoff at w = w, and a resonance at w = oy, (6), where
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FIG. 2. Schematic illustration of the magneto-ionic wave modes. i

w;, (0)=} (@] + 123)

A 3 2

x[l—(l—‘;—f‘"!)—’,,cos:e) } (14) .
(@; + 027 '

is a resonance frequency for which w,, (6 )~w, cos  when
©. <42, and w, (8)=£, cos § when w,>£2,. It should be !
remarked that this expression becomes invalid in the limit as |

0 — 7/2since @, (@) — 0 and ion contributions become im-
portant. The branch above the cutoff frequency is the escape |
mode L.V * < 1)and is usually referred to as the O mode, which !

below the resonance the mode is called the electron whistler
{EW) branch. Similar results apply to the extraordinary
mode (i.e., .V* = .V} which displays a resonance at I

0 (0)=} (0} + 23 i

2[22 . 72
x[1+(1—4—f";’—,¢cos-e) ] (15)
(@ + 277

and a cutoff at N
w‘o=§f2?{l+[l+4(a)§/ﬂ;‘]'/:}. (16) i
The branch below the resonance is called either the Z mode
or the slow extraordinary mode. The escape mode is above
the cutoff and is termed either the fast extraordinary mode |
or simply the X mode. We shall confine our attention in this
work to the escape modes for which N2 cos® 8 < 1 and the
resonance curve is an ellipse. However, it should be noted '
that while V' * > | over much of the Z and EW modes, it is still
possible to describe the resonance curve as an ellipse at suffi-
ciently large angles of propagation. l
The conditions under which the complete relativistic
form of the resonance condition must be employed involve a
complex relationship between the wave frequency and angle |
of propagation and the bulk energy of the electrons. In gen-
eral, the relativistic corrections become important whenever
either : Il
Ncos 85 (v)/2e, {17)
or |
()22 [V = m2, /).

0002 TELLTALE

From these inequalities [(17) and {18}] it is evident that
relativistic corrections to the resonance condition become
important whenever (1) the wave propagation direction is

nearly normal to the ambient magnetic field, (2) the index of .

refraction of the wave is much less than unity {i.e., near cut-
off), or (3) the wave frequency is near the cyclotron harmon-
ic.

Finally, it should be remarked that, while we are pn-
marily concerned with the spontaneous radiation in this pa-
per, the relativistic effects on the resonance condition also
apply to the study of the growth or damping of the coherent
emissions.

Utilizing the resonance condition (11}, we obtain the
following expression for the emissivity of a gyrotropic distri-
bution F; (uy,u,),.

M, (@0)=enweN , E;;_n'ﬁ S j ) du, F,

x(“ll’”m) [;’m Vt Jm(bt ) + (U,,,/C)J,'"(b: )]:

XH(mM R /w* + N, cos* 6 — 1), (19)

where the relativistic factor 7, =(mf, /o) + (uy /)N _
cos 8, H is the Heaviside function, and b_ =mN_
Sin 0 (u,/v,c)(1—=N_ B cosf)~".

lll. NUMERICAL ANALYSIS

Because of the complexity of this expression for the
emissivity, there is no recourse at this stage but to turn to
numerical integration for specific choices of the supra-
thermal electron distribution function. We choose a loss-
cone type of distribution,

Filuy,u,) = (ra?)~ Y= %}-”2(“1/5’1)2
i !

Xexp( — uj/a})exp( — u?/al), 20)

where a, | describes the parallel and perpendicular momen-

tum spreads, respectively. Such a distribution function

: might be used to model the hot electrons in the end cells of a

tandem mirror machine or a population of energetic elec-
trons trapped in a dipole-like magnetic field. such as might
be found at relatively low amplitudes in planetary magnetic
fields or the solar corcna.

Equations (19) and (20) have been evaluated numerical-
ly for the escape modes in a low-density plasma (v, <12,),
and the results are shown in Figs. 3-5 for the choice of pa-
rameters such that w, =0.1 2,, and a,/c = a,/c=0.14
(corresponding to thermal energies of 5 keV). Nota that for
this choice of parameters the X-mode cutoff frequency oc-
cursatw ,=<1.01 £2,, and the stop band between ©,,(60)and
the cutoff frequency is narrow. Significant levels of sponta-
neous emission are possible, therefore, because of the funda-
mental X-mode gyroresonance fi.e., m = 1} at frequencies
@ > . Such an interaction (at frequencies w >42,), how-
ever, occurs by means of the contribution of Doppler shift to
the gyroresonance and consequently vanishes when
k-B, =0 (i.e,, 9 =90"). A spectrum is shown in Fig. 3 in
which we plot 7/(n,2,) vs /02, at 8 = 60° (where 7 is in
units of erg-sr~'-cm ™), and the solid (dashed) line repre-

(18) _!_ sents the X(O) mode. Evidently the X-mode emission near
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the fundamental gyroharmonic is peaked at w ~ 1.01642,. In
addition. the peak decreases in intensity by about an order of
magnitude and broadens in width (as measured by the full-
width-half-maximum) at successively higher harmonics.
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FIG. 4. Angular variations in peak radiation intensity of the O and X modes
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FIG. 5. Angular variations in the frequency corresponding to the peak
emissivity of the O and X modes. The solid (dashed, line corresponds to the
XiO) mode.

Similar results are found for the O mode which, at each har-
monic, is found to peak at approximately 65% of the X-
mode maximum at this angle. It should also be observed that
we have not shown the entire O-mode peak near the funda-
mental gyroresonance. The reason for this is that as waves
with frequencies below the local cyclotron frequency propa-
gate out of the plasma (i.e., through regions of decreasing
magnetic field), they will encounter a layer in which the wave
frequency is sufficiently close to the local gyrofrequency that
strong cyclotron damping due to the thermal electrons will
occur. As a consequence, the observed radiation spectrum at
these frequencies will bear little resemblance to the sponta-
neous emissivity. The X-mode radiation near the fundamen-
! tal {w X ), as well as both X-mode and O-mode radiation,
* willin the course of propagation out of the plasma encounter
only higher harmonic cyclotron resonance layers for which
the cyclotron resonant damping is relatively weak. Finally, it
is implicitly assumed that the temperature of the back-
ground electrons is sufficiently low that they do not partici-
pate in the X-mode resonance above the cutoff, and cylotron
damping of these waves is negligible. This is true, for exam-
ple, for thermal energies less than about 100 eV.

The variation in the peak of the emissivity versus angle
of propagation is shown in Fig. 4 for the X mode at the first
three harmonics and for the O mode at the second and third
harmonics. The frequency at which the peak occurs is shown
in Fig. 5 where the solid (dashed) line refers to the X(O})
mode. It is evident from the figures that the fundamental X
mode emission occurs over an extremely broad angular
range (8 = 70°) with a small peak at #~57°, and that the emis-
sion frequency varies little with angle. In contrast, there is a
very strong angular dependence in the emission of both the
i~ X and O modes at the higher harmonics. In particular, the
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~ X-mode emissivity is maximum for perpendicular propaga-

tion while the O mode peaks for propagation at oblique an-
gles (9~~68" for the parameters considered).

IV. CONCLUSIONS

In this work the spontaneous cyclotron emissivity has
been calculated using the complete relativistic resonance
condttion. Unlike prior calculations of synchrotron radi-
ation," the result is valid over the entire angular range of
propagation without regard to the bulk energy of the elec-

tron population. We are specifically interested in the evalua-

tion of the radiation spectrum from an energetic population
of trapped electrons (i.e., having a loss-cone distribution} in a
low-density plasma, because the study is motivated by the
research of the auroral kilometric radiation and possible ap-
plications to the mirror machine experiments. The particu-

lar feature of such a plasma (i.e., @, <£2,) is that a relatively

high radiation intensity is found in the X mode at frequen-
cies just above cutoff due to the fundamental gyroresonance
which, since this is an escape mode, can readily propagate
out of the plasma. While cyclotron damping due to the back-
ground plasma can be expected to be negligible for sufficient-
ly low bulk temperatures of the background plasma, amplifi-
cation of the radiation can occur due to the anisotropic
nature of the suprathermal electron distribution. The de-
tailed nature of this instability has been amply discussed in
the literature dealing with the auroral kilometric radi-
ation.*'" Detailed discussion of the present resuits and their
application to AKR will be elaborated in a forthcoming arti-
cle.

Finally. it should be observed that while the overal] lev-
el of spontaneous synchrotron radiation is greatest for the X
mode above cutoff the detailed angular spectrum is more

FOOTNOTE
LINE LIMIT

complex. In particular. the X-mode radiation intensity at the
higher gyroharmonics actually exceeds that near the funda-
mental (@R 2., © Sw) for angles of propagation near the
perpendicular to the ambient magnetic field.
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ELECTRON-CYCLOTRON MASER INSTABILITY
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C. S. Wu and J. D, Gaffey, Jr.
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ABSTRACT

The electron—cyclotron maser instability for energetic electrons with a
loss-cone distribution function is studied for hot electron mirror experi-
ments. The instability can occur at all angles of propagation for a wide
range of parameters. The growth rate is significantly reduced by the presence
of a population of cold electrons, and the instability can be suppressed if

the density of the cold electrons is sufficiently large and the temperature of

the energetic electrons is not too high.



In a recent paper by Lau and Chu} a special case of the cyclotron maser
instability associated with a loss~cone distribution function is discussed for
hot electron mirror experiments, Their analysis is restricted to the case
that the radiation propagates parallel to the applied magnetic field %O (kl =
0) and moreover emphasis is placed on the 1limit k" + 0. Actually, before
Ref. 1 was published, the theory of such an instability had been extensively
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developed by numerous authors (mostly in the space physics community),

although the research has been motivated by the investigation of the auroral
kilometric radiation. (Early publications which discussed the physics of the
maser instability have been cited in Ref. 1 and are not repeated here.)

In view of the fact that strong bursts of cyclotron radiation have been
observed in hot electron mirror machines}o’ll it is pertinent and interesting
to study the cyclotron maser instability for such experiments more fully than
was done in Ref. 1.

In the following, we report the results of our investigation. We have
carried out a fairly general analysis in which not only radiation with kl £ 0
and kn ¥+ 0 1is considered, bhut also a population of cold electrons 1is
included. The purpose of Including the latter effect is to examine the possi-

bility of whether the instability can be stabilized by these electrons.

To proceed with the discussion, we consider an unperturbed distribution

of the form12

n u2 2
Fo Gy = (5 )% exo ( -5, (1)
™ a”(g!) a a

where u is the electron momentum per unit mass; a denotes the thermal spread;



uy is the component of u perpendicular to the applied magnetic field EO; 2 1is
an index which measures the steepness of the loss=—cone feature; and 04 is the

density of the energetic electrons. The dispersion equation may be written as

det | Dyy (k) | =0, (2)
where
2,2 cZkikJ .
Dij Oﬁ,w) ) ( l B wz ) aij * mz z QlJ (k’w)
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and the superscript s on Qij denotes the particle species. In the present
discussion, ions are ignored. We shall consider that, in general, there
exists a population of cold electrons in addition to the main component which
has a thermdl energy of several tems of keV. Since we are interested in waves
with refractive indices N < 1 and frequency w close to the electron cyclotron

frequency Qe, in calculating ng for the emergetic electrons) we may ignore

terms associated with high harmonic numbers (i.e., |n| > 1)? and thus cbtain

G, = QG; (a=1) +n;

ij ij 1]
where
e Ha w: c2 2 - \1j h2
Qij (n=1) = - 1 n—.—-z—-—z exp (— h ) f dzt ] z+3/2 exp [ izt + T ] (3)
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